Abstract: This study improves the fading channel estimation in bit-interleaved coded modulation systems with iterative decoding (BICM-ID) and signal space diversity (SSD) by embedding a training sequence. Existing training schemes work well at high signal-to-noise ratio (SNR) or slowly time-varying channels whereas the applications of BICM-ID are beneficial at low SNR and fast time-varying fading channels. Motivated by the power/bandwidth efficiency of the SSD technique and the fact that superimposed training outperforms pilot symbol-assisted modulation (PSAM) training over relatively fast time-varying channels, a new superimposed training sequence is explored. The proposed training sequence inserts pilot bits into the coded bits prior constellation mapping and signal rotation. This becomes a superimposed training sequence in the rotated symbols and helps the estimator to track fast variation of the channel gains. A soft iterative channel estimator is developed to work with the superimposed training sequence. The performance of the proposed scheme, namely SSD-pilot, is shown to be superior to PSAM scheme. To gauge the performance improvement achieved with the proposed channel estimation, an analytical bound on the asymptotic bit error probability for BICM-ID using SSD over correlated fading channels is provided. The Cramer-Rao bound on the mean-square error of the channel estimator is also derived to evaluate the performance of the iterative channel estimator.
Introduction
Signal space diversity (SSD) was introduced in [1, 2] as a powerand bandwidth-efficient technique for communication over fading channels. In SSD, an N-dimensional modulation scheme is created by partitioning the data into blocks of N symbols and performing a rotation on each group of N-successive complex (two-dimensional) symbols. With such partitioning and rotation, the diversity order is maximised by increasing the minimum number of distinct components between any two N-dimensional constellation points. Among the various applications of SSD, bit-interleaved coded modulation (BICM) with iterative decoding (ID) over fast fading channels has been studied in [3] . In [3] , the transmitter and receiver are designed under the assumption that the channel state information (CSI) is known at the receiver. However, in practical applications, this is not the case and the CSI must be estimated. Imperfect CSI due to channel estimation degrades the performance, especially at low signal-to-noise ratio (SNR) regime. This drawback can be mitigated by using a soft-iterative channel estimator [4] .
Soft-iterative channel estimation has been intensively studied in turbo-coded systems, see for example, [5] [6] [7] and references therein. Soft-iterative channel estimation uses soft information from the soft-input soft-output (SISO) decoder in a semi-blind fashion to improve channel estimation performance, and consequently the system's biterror-rate (BER), over fading channels. The concept of semi-blind estimation is rooted in functions of both known and unknown signals. In the context of wireless communications, known signals can be either timemultiplexed or superimposed training sequence. In a timemultiplexed training sequence, pilot symbols are inserted regularly in the data stream. Such schemes, which are commonly called pilot-symbol assisted modulation (PSAM) schemes perform well over slowly time-varying channels [8, 9] . To work in a fast fading channel, the pilot symbols in a PSAM scheme have to be inserted more often, which causes bandwidth expansion. Alternatively, a superimposed training scheme, which in effect superimposes a training signal on each transmitted symbol, can be used. Superimposed training schemes work well in fast fading channels provided that the SNR is sufficiently high. Such schemes are also effective in multi-path channels [10] .
Although there has been no study on the impact of channel estimation on the design of the transmitter and receiver for a BICM-ID-SSD system, the use of PSAM or superimposed schemes was widely considered for coded and un-coded systems, see, for example [11 -17] (Hereafter the abbreviation BICM-ID-SSD refers to a system that implements bit-interleaved coded modulation, iterative decoding and signal space diversity technique.). In particular, using pilot symbols for channel estimation in turbo-coded systems has been examined in [11] . The study assumed that the channel is flat fading with a gain that depends on time but is constant for the duration of a symbol. Such channels are referred to as correlated fading channels. The study in [11] used an iteratively filtered PSAM algorithm in the receiver. Reference [12] proposes sparsely interleaved estimation and decoding as an alternative algorithm for iterative channel estimation in BICM-ID systems. In these papers, pilot symbols are used to initialise the channel estimates and then these estimates are refined in subsequent iterations by an interpolator that uses information fed back from the decoder. In [12] it was shown that in order to improve the performance, the refining phase of the channel estimation is not needed for each iteration of decoding stage. In [13] , the performances of PSAM and superimposed training schemes are compared using the worst-case un-coded BER as the performance measure. It was shown for uncoded systems at high SNR that PSAM performs better for slowly timevarying fading channels and the superimposed training scheme performs better in fast time-varying fading channels. This observation also applies to coded systems. For BICM systems, the performance of PSAM has been studied in [14] for a range of SNR. In particular, the relation between fade rates and required power of pilots has been investigated using extrinsic information transfer chart. Similar analysis has been investigated for coded systems with superimposed schemes in [15] using BER simulation. However, at low SNR in a fast time-varying fading environment, conventional training schemes fail. On the other hand, since BICM works well at low SNR and over a fast time-varying channel, it is of interest to develop a new training scheme for this system. This paper proposes and examines alternative training sequences for a BICM-ID-SSD system operating over a correlated fading channel. Specifically, the paper investigates injecting pilots at the bit level instead of the symbol level. The intent is to exploit SSD technique to improve the performance of the iterative receiver. The proposed method inserts pilot bits into the coded bits before constellation mapping and signal rotation. As a result, the rotated superimposed symbols, which shall be referred to as SSD-pilots, can be considered as a superimposed training sequence that is inherent to the rotated transmitted symbols. A soft iterative receiver is developed for the bit level embedded training sequence. In particular, the estimator in the proposed receiver uses the training sequence in addition to the soft information from the decoder to produce estimates of the time-varying channel gains for the demodulator. Moreover, the demodulator uses the training part in the received signal to provide reliable extrinsic information for the decoder. It shall be demonstrated that the performance of the proposed receiver is significantly better than that of the conventional PSAM scheme.
The paper is organised as follows. The system model of BICM-ID-SSD is presented in Section 2. In this section, the structure of the training sequence is described and the transmitter and receiver are developed for the proposed method of training design. Section 3 analyses the performance of the BICM-ID-SSD system over a correlated fading channel. In particular, a lower bound of the asymptotic BER is first obtained under the perfect CSI. Then the Cramer-Rao bound (CRB) for the proposed channel estimation method is derived. Section 4 provides numerical results and performance comparisons. Section 5 offers conclusion. 
System model
The block diagram of the transmitter and receiver in discretetime equivalent baseband is shown in Fig. 1 .
Transmitter
A sequence {u j }, 1 ≤ j ≤ L, of information bits is first encoded by a rate-r convolutional encoder. The encoded bits {c i }, 1 ≤ i ≤ L/r are then passed to a bit-interleaver with a length of L/r. Next, the interleaved sequence {c i } is segmented into groups of (N − N p ) × m bits, where N is the size of the rotation matrix, N p is the number of pilot symbols in N rotated symbols and m is the number of bits carried by one symbol of a QAM constellation whose size is |V| = 2 m . Next, known pilot bits {p n }, n = 1, 2, . . . , mN p , is inserted in the segmented group of (N − N p ) × m bits. The pilot bits can be placed at the beginning, at the end or somewhere in between as long as every m pilot bits are inserted as a block in the segmented group and mapped to one QAM
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IET constellation point. This is necessary so that the channel estimator can work with known pilot QAM symbols in the initialisation phase. Each expanded group of size Nm is then mapped to one complex
There are many possible mappings between Nm bits and a super symbol. The sigma mapping scheme in [3] facilitates a low-complexity soft-output minimum mean-square error (MMSE) demodulator and is used here for the same reason. In general, the sigma mapping relates a binary vector z to the super symbol s with the equation
where V, z and b are defined as follows:
is the basis vector whose elements are unit-norm complex numbers. † z is an Nm × 1 binary vector of interleaved coded bits and pilot bits whose entries are either 1 or 0. † b is a binary vector whose entries are +1 and represents both pilot and coded bits.
With the proper design of v, each component s i is guaranteed to belong to a standard two-dimensional QAM constellation V [3] . As an example, Fig. 2 shows the sigma mapping of 4-QAM and 16-QAM.
Rotation is accomplished with a matrix, G, which could take on one of several forms. One form that can be used when N is a power of 2 [3] is
where
. The matrix rotates a super symbol s into a rotated super symbol, denoted by x ¼ Gs.
Let G ¼ GV and introduce subscripts as the time index to the super symbols and rotated super symbols. Then the lth rotated super symbol can be represented by 
k are the data and pilot portions of the transmitted symbols, respectively, and l = ⌊k/N ⌋ and i = k − (l − 1)N . For the ease of exposition, it is assumed that all the pilot bits take on the same value of 1.
It is of interest to measure the effective energy of the system. The energy efficiency of SSD-pilot scheme can be expressed as
when E p = hE s , and E p and E s are the energy per pilot symbol and the energy per data symbol before rotation, respectively. For the purpose of comparison to PSAM, it is pointed out that the energy efficiency of PSAM is given by (M 2 1)/ (M 2 1 + h), where M is the pilot symbol spacing [12] .
Iterative receiver
The sequence of received symbols, denoted {r k }, is given by
where w k is a noise sample and h k is a channel gain at time k. The sequence of {w k } is a set of i.i.d. zero-mean circularly symmetric Gaussian random variables with variance N 0 . The sequence {h k } contains complex Gaussian random variables with zero mean and autocorrelation
, which is given by the Jakes's model [18] . The function J 0 (·) is the zeroth-order Bessel function of the first kind, f d is the Doppler spread (assumed to be known at the receiver) and T s is the symbol duration.
An iterative receiver operates on the received signals in an iterative manner. In the first iteration, the received signals are filtered to produce initial estimates of the channel gains, denoted {ĥ k }. In essence, only the known information, that is, pilot portions of the transmitted signals, {x ext }, is obtained in the same iteration using the soft-output MMSE demodulator proposed in [19] . The mismatched demodulator uses {ĥ k }, the a priori information of the coded bits, {L ext } of the coded bits. Here, the SISO decoder uses the maximum a posteriori probability algorithm [20] .
In subsequent iterations, soft information from the decoder is used to improve the performance of the channel estimator. The channel estimator uses such information to compute new estimates of the channel coefficients using expected values of the data symbols. Therefore the interleaved {L
where the {L
ap } should be used to calculate
For the pilot bits, since { p n } are known at the receiver, one has E{p n } = p n .
The demodulator uses the {L 
Channel estimator
In this section, an iterative MMSE channel estimator is developed for the SSD-pilot training sequence. It is shown in Section 4 that inserting pilot bits with the coded bits lowers error probability in each successive iteration. If the transmitted sequence was known at the receiver, then the best linear MMSE estimates of the channel gains would be found by using the Wiener interpolator. However, using the pilot portions of the transmitted signals for the first iteration and the soft information of the transmitted signals for the successive iterations produces a good approximation of the channel gains.
The kth channel gain is estimated by a filter of length (2K 0 + 1), where K 0 is a constant (In general, the choice of K 0 is governed by the trade-off between complexity and performance. A detailed discussion on how to choose K 0 and its effect on the performance can be found in [12, 11] .). The tap weights of this filter are updated in each iteration. To obtain a compact expression forĥ k the following definitions are used: † The observation vectorȓ k = [r k−K 0 , . . . , r k , . . . , r k+K 0 ]
T is the collection of the (2K 0 + 1) received symbols nearest to r k .
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T , which is a known vector at the receiver. † The vector of the transmitted symbols,
T is the collection of the (2K 0 + 1) symbols that surround x k . † The covariance matrix of the observation vector is obtained with E{ȓ kȓ H k }. † The covariance vector, which has length (2K 0 + 1) is obtained by E{ȓ k h * k }.
With these definitions, the linear MMSE estimate of the channel gain isĥ
Expressions for the covariance matrix and covariance vector must be obtained to calculateĥ k with (9) for the first iteration, where only the pilot portions of the received signals are known. For the pilot portion E{x
i . For the data portion of the transmitted signal, E{x
for the first iteration. Assembling this information leads to

E{ȓ kȓ
where E{ȓ kȓ H k } i, j is the (i, j)th element of the covariance matrix andx
k,i . Note that the above calculations imply that the matrix E{ȓ kȓ H k } and vector E{ȓ k h * k } can be calculated off-line for the first iteration.
In the next iterations, for calculating the covariance matrix and covariance vector, the soft information of data is taken into account. Using (7),
Then the elements of the covariance matrix are
and the entries of the covariance vector are obtained as
In the above last two expressions E{x k,i } and s 2 x k,i are computed using (7) and (8), respectively, and by associatingx k,i to the ith element of vectorx k , that is,x k,i = x k+i−(K 0 +1) .
3 Bound for asymptotic error performance and Cramer-Rao bound for channel estimation
Analytical bound of asymptotic BER with perfect CSI
The union bound on the BER for BICM-ID-SSD is helpful for evaluating the system performance in a correlated fading channel. The bound for a rate-r convolutional code can be written as 
where, for an uncorrelated Rayleigh fading channel
In the above s k is a constellation point in V and notation k j is used to refer to a signal whose mapping is the same as that of s k , except that the jth bit is toggled (i.e. complemented).
As an example for 16-QAM, if s k has the mapping 1111 and j ¼ 2 then s k j would be the signal that has the mapping 1111 = 1101. As an illustration, the signals s 15 and s 15 2 are shown in Fig. 2 for the sigma mapping scheme.
The union bound over a correlated fading channel is now derived using the procedure of [3] . To account for the correlation, the joint probability density function of the channel is expressed as
where 
After some manipulation and then diagonalising the data vector, that is,
, and using the method in [21] , one recognises that f (d, C, z) has the same form as (13), but with d(G, V, z) given as
where l i,u are the eigenvalues of D u C. It is clear that there are at most N non-zero eigenvalues. It is also noted that the number of eigenvalues equals the average number of distinct channel states in one rotated super symbol. Therefore it follows from (13) that the diversity order of the system must be less than or equal to Nd H . If the rank of D u C is less than N, then the number of non-zero eigenvalues and therefore the diversity order is less than or equal to the rank of C times d H . For example, if f d T s = 0.02, the rank of C is 8 when N ¼ 32. This implies that the maximum diversity order is 8d H .
CRB for mean-square error of the channel estimation
CRB is widely used as a benchmark for the performance of any channel estimator. The bound states that the meansquare error (MSE) matrix of any {unbiased} estimatorĥ is lower bounded by [22] 
where J(h) is the complex Fisher information matrix defined by
A closed-form expression for J(h) is found by taking the expectation of (18) over r and h. To this end, it is convenient to express p(r, h) as p(r|h) .
. After some manipulations, the Fisher information matrix is given in terms of X D as follows can be numerically calculated based on (7) and (8) . The vast simulations are arranged even at low SNR to obtain an accurate CRB.
Simulation results
The performance of the proposed method is investigated using a computer simulation to calculate the MSE of the channel estimator and the resulting BER. The same convolutional code, data frame, bit-interleaver and modulation format are used in all simulations. The channel code is a rate-1/2 convolutional code with constraint length 5 and generator
. The data frame consists of 11 996 data bits and four tail bits. The bitinterleaver has length L ¼ 2 × 12 000. The modulation is quadrature phase-shift keying with sigma mapping, where the basis vector is v ¼ [1, ȷ]. The performance of the SSD-pilot scheme is compared with the performance of the PSAM training scheme as well as the analytical bound in Fig. 3 . Note that for a fair comparison, the channel estimator used with PSAM is also based on the iterative approach with rotated data symbols. For the PSAM scheme, the pilot symbol is 1 + ȷ and the pilot spacing is M ¼ 16, which yields the same energy efficiency as that of SSD-pilot scheme. The other simulation parameters are the same as in SSD-pilot scheme. There are five curves in Fig. 3 . The top two provide the performance after the first iteration for the SSD-pilot and the PSAM schemes. The middle two curves show the performance after five iterations. The bottom curve, shown as a dashed line, is a plot of the bound. The curves for the first iteration show that the performance of the proposed scheme is about 2 dB worse than the conventional PSAM scheme. This is expected because only the pilot portions of the transmitted symbols are used for channel estimation in the first iteration in SSD-pilot scheme. However, the results are quite different after five iterations. The SSDpilot scheme is from 1 to 1.5 dB better than the PSAM scheme, depending on E b /N 0 . The reason for this is that the pilot information is embedded in the rotated symbols for the SSD-pilot scheme and not for the PSAM scheme. Since the SSD-pilots are embedded in the SSD received symbols, the demodulator can make use of this information for its training. In contrast, the pilots in PSAM, which are not embedded in the rotated symbols, cannot be used by the demodulator. In the end the SSD-pilot information used in the demodulator iteratively improves the overall performance of the receiver. The improvement is such that after five iterations the performance closely approaches the analytical bound. Note that there is a gap between the union bounds and the BER curves, which is because the union bound is calculated assuming perfect CSI. www.ietdl.org E{|x i | 2 } = E s in (19) . Therefore the slope of the CRB can be approximated by ((E s /N 0 )I N + C −1 ) −1 , where I N is an identity matrix with size N and E p = E s . This approximation is also plotted in Figs. 5 and 6 and the approximated curves are seen to tightly approach the CRB curves.
Conclusions
In this paper, a superimposed training sequence for a BICM-ID-SSD system over a correlated fading channel has been proposed. Information of the pilot bits, which are inserted into the coded bits before modulation and signal rotation, has been used by the channel estimator and the demodulator. The soft iterative channel estimator was developed to exploit the pilot information and the soft information of the rotated symbols. In order to analyse the effectiveness of using SSDpilot symbols, the analytical bound of the BER over a correlated channel with perfect CSI was obtained. Simulation results verified that, compared to PSAM, the BER performance is improved by about 1 dB at the BER level of 10 24 under both fade rates of 0.02 and 0.05 and at the same energy efficiency. Finally, a CRB for the MSE of the estimated channel coefficients was derived. Simulation results showed that the MSE of the iterative channel estimator closely approaches the CRB after five iterations.
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